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𝑆-Matrix principles

A. Pilloni – Unitary Reaction models and PWA formalisms

Analyticity

+ Lorentz, discrete & global symmetries

𝑓𝑙 𝐸 = lim
𝜖→0
𝑓𝑙(𝐸 + 𝑖𝜖)

These are constraints the amplitudes have to 
satisfy, but do not fix the dynamics

Resonances (QCD states) are poles in the 
unphysical Riemann sheets

I sheet II sheet



Recipes to build an amplitude
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M. Mikhasenko, AP, J. Nys et al. (JPAC), EPJC78, 3, 229
AP, J. Nys, M. Mikhasenko et al. (JPAC) arXiv:1805.02213



What do we know?
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Examples for 𝐵 → 𝜓 𝜋𝐾 and Λ𝑏 → 𝜓 𝑝𝐾
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There is no unique recipe to build the right amplitude, but
one can ensure the right singularities to be respected

• Kinematical singularities appear because of the spin of the external particles involved

• We can write the most general covariant parameterization of the amplitude as
tensor of external polarizations ⊗ scalar amplitudes

• Scalar amplitudes are kinematical singularities free, can be matched to helicity amplitudes

• We can get the minimal energy dependent factor, any other would be model-dependent
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A. Jackura, M. Mikhasenko, AP et al. (JPAC & COMPASS), PLB779, 464-472

• The 𝜂𝜋 system is one of the golden modes for hunting hybrid mesons
• We build the partial wave amplitudes according to the 𝑁/𝐷 method
• We test against the 𝐷-wave data, where the 𝑎2 and the 𝑎2

′ show up

Production amplitude

Scattering amplitude

Searching for resonances in 𝜂𝜋
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A. Jackura, M. Mikhasenko, AP et al. (JPAC & COMPASS), PLB779, 464-472

• The 𝜂𝜋 system is one of the golden modes for hunting hybrid mesons
• We build the partial wave amplitudes according to the 𝑁/𝐷 method
• We test against the 𝐷-wave data, where the 𝑎2 and the 𝑎2

′ show up

Production amplitude

Scattering amplitude

𝐷(𝑠)

𝐷(𝑠)

𝑛(𝑠)

𝑁(𝑠)

Searching for resonances in 𝜂𝜋

𝑡(𝑠) = 𝑁 𝑠 𝐷−1(𝑠)

The 𝐷(𝑠) has only right hand cuts;
it contains all the Final State Interactions
constrained by unitarity → universal

Im 𝐷 𝑠 = −𝜌 𝑁(𝑠)
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A. Jackura, M. Mikhasenko, AP et al. (JPAC & COMPASS), PLB779, 464-472

• The 𝜂𝜋 system is one of the golden modes for hunting hybrid mesons
• We build the partial wave amplitudes according to the 𝑁/𝐷 method
• We test against the 𝐷-wave data, where the 𝑎2 and the 𝑎2

′ show up

The 𝑛 𝑠 , 𝑁(𝑠) have left hand cuts only,
they depend on the exchanges  →
process-dependent, smooth

Production amplitude

Scattering amplitude

𝐷(𝑠)

𝐷(𝑠)

𝑛(𝑠)

𝑁(𝑠)

Searching for resonances in 𝜂𝜋

𝑡(𝑠) = 𝑁 𝑠 𝐷−1(𝑠)
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The denominator 𝐷(𝑠) contains all the FSI constrained by unitarity → universal

Searching for resonances in 𝜂𝜋

OR
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The denominator 𝐷(𝑠) contains all the FSI constrained by unitarity → universal

Searching for resonances in 𝜂𝜋

OR

The 𝑛 𝑠 is process-dependent, smooth



Precise determination
of pole position

Smooth «background»

Searching for resonances in 𝜂𝜋



Searching for resonances in 𝜂𝜋 and 𝜂′𝜋

A. Rodas, AP et al. (JPAC), in preparation

Coupled channel analysis ongoing for the 𝑃- and 𝐷-wave, same model

𝑎2(1320)

𝑎2′(1700)

𝑎2′(1700)

𝑎2(1320)

𝜋1(1600)

𝜋1(1600)



Searching for resonances in 𝜂𝜋 and 𝜂′𝜋
𝑃-wave, III sheet

𝐷-wave, III sheet

𝑎2(1320)

𝑎2′(1700)𝜋1(1600)

?

A Statistical Boostrap analysis
will establish the sensitivity

to a second pole,
likely to be systematically dominated

Bootstrap, P-wave
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One can test different parametrizations of the amplitude, which correspond to
different singularities → different natures

Szczepaniak, PLB747, 410

𝑌
𝐷1

𝜋

𝐷∗ 𝜋

𝐽/𝜓 𝐷

Triangle rescattering,
logarithmic branching point

(anti)bound state,
II/IV sheet pole
(«molecule»)

Resonance,
III sheet pole
(«compact state»)

Tornqvist, Z.Phys. C61, 525
Swanson, Phys.Rept. 429
Hanhart et al. PRL111, 132003

Maiani et al., PRD71, 014028
Faccini et al., PRD87, 111102
Esposito et al., Phys.Rept. 668

Amplitude analysis for 𝑍𝑐(3900)

AP et al. (JPAC), PLB772, 200

A. Pilloni – Unitary Reaction models and PWA formalisms

𝑍𝑐 3900 ?

𝐷1(2420)
𝑢: 𝐷0(2400) 𝑢: 𝑍𝑐 3900 ? "𝜎, 𝑓0(980)"
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Testing scenarios

The scattering matrix is parametrized as 𝑡−1 𝑖𝑗 = 𝐾𝑖𝑗 − 𝑖 𝜌𝑖 𝛿𝑖𝑗

Four different scenarios considered:

• «III»: the K matrix is 
𝑔𝑖 𝑔𝑗

𝑀2−𝑠
, this generates a pole in the closest unphysical sheet

the rescattering integral is set to zero
• «III+tr.»: same, but with the correct value of the rescattering integral
• «IV+tr.»: the K matrix is constant, this generates a pole in the IV sheet
• «tr.»: same, but the pole is pushed far away by adding a penalty in the 𝜒2

A. Pilloni – Unitary Reaction models and PWA formalisms

• We approximate all the particles to be scalar – this affects the value of couplings, which 
are not normalized anyway – but not the position of singularities. 
This also limits the number of free parameters
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Fit: III

A. Pilloni – Unitary Reaction models and PWA formalisms
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Fit: III+tr.

A. Pilloni – Unitary Reaction models and PWA formalisms
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Fit: IV+tr.

A. Pilloni – Unitary Reaction models and PWA formalisms
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Fit: tr.

A. Pilloni – Unitary Reaction models and PWA formalisms
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Pole extraction
III+tr. IV+tr.III

Not conclusive at this stage
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T. Londergan (IU), E. Passemar, A. 
Szczepaniak (IU/JLab)

R. Workman (GWU), M. Döring 
(GWU/JLab)

V. Mathieu, A. Pilloni, 
V. Mokeev (JLab)

M. Mikhasenko (Bonn U.)
L. Dai (FZ Julich)

J. Nys (Ghent U.)

J. Castro, C. Fernandez-Ramirez (UNAM)

Students, Postdocs, Faculties
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L. Bibzrycki,
R. Kaminski (Krakow)

M. Albaladejo (Murcia U.)

I. Danilkin, A. Hiller Blin (Mainz U.)

A. Celentano
(INFN-GE)P. Guo (Cal. State U.) 

• We aim at developing new theoretical tools, to get insight on QCD using 
first principles of QFT (unitarity, analyticity, crossing symmetry, low and high energy 
constraints,…) to extract the physics out of the data

• Many other ongoing projects (both for meson and baryon spectroscopy, and for high 
energy observables), with a particular attention to producing  complete reaction models 
for the golden channels in exotic meson searches

Conclusions & prospects

A. Rodas (Complutense U.)
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Crossing symmetry in tensor formalisms
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Crossing symmetry in tensor formalisms
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How helicity formalism works
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Each set of angles is defined in a 
different reference frame



How tensor formalism works
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𝐵 → 𝜓 𝜋𝐾
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𝐵 → 𝜓 𝜋𝐾
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𝐵 → 𝜓 𝜋𝐾
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Helicity amplitudes
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Identify covariants
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General expression and comparison
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There is no unique recipe to build the right amplitude, but
one can ensure the right singularities to be respected



General expression and comparison
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𝐵 → 𝜓 𝜋𝐾
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𝐵 → 𝜓 𝜋𝐾
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Helicity amplitudes
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Identify covariants

38A. Pilloni – Unitary Reaction models and PWA formalisms
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Interactive tools
• Completed projects are fully 

documented on interactive 
portals

• These include description on 
physics, conventions, formalism, 
etc.

• The web pages contain source 
codes with detailed explanation 
how to use them. Users can run 
codes online, change 
parameters, display results.

http://www.indiana.edu/~jpac/

A. Pilloni – Unitary Reaction models and PWA formalisms
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Pole hunting

A. Pilloni – Challenges in the analysis of meson-spectroscopy data: Theory



Searching for resonances in 𝜂𝜋
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We propose to search the 𝑃𝑐(4450) state in
photoproduction

Q. Wang et al. PRD92, 034022
M. Karliner et al. PLB752, 329-332 

Kubarovsky et al. PRD92, 031502

We use the (few) existing data and
VMD + pomeron inspired bkg
to estimate the cross section

A. Blin et al. (JPAC), PRD94, 034002

𝐽𝑃 = 3/2 −

Pentaquark photoproduction

A. Pilloni – Challenges in the analysis of meson-spectroscopy data: Theory
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Hybrids

Signatures as 𝐽𝑃𝐶 = 1−+ are not allowed in the quark model, Coulomb gauge QCD and flux tube 
predict glue excitation to be a quasi-particle with 𝐽𝑃𝐶 = 1+−, 𝑞  𝑞𝑔 states expected 
Need some constraint to draw robust conclusions about the existence of exotic states

Hadron Spectrum coll., PRD82, 034508

A. Pilloni – Challenges in the analysis of meson-spectroscopy data: Theory
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Regge exchange

A. Pilloni – Challenges in the analysis of meson-spectroscopy data: Theory

Reggeons are poles in 𝑙 for fixed 𝑠
dominate high energy region

Resonances are poles in 𝑠 for fixed 𝑙
dominate low energy region

𝐴𝑙 ∼
𝑔1𝑔2
𝑠𝑝 − 𝑠 𝐴 ∼ ∑ 𝑠𝑙 ∼ 𝑔1 𝑡 𝑔2 𝑡 𝑠

𝛼±(𝑡) −
𝑒𝑖𝜋𝛼

± 𝑡 ± 1

sin 𝜋 𝛼±(𝑡)
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Finite energy sum rules

A. Pilloni – Challenges in the analysis of meson-spectroscopy data: Theory

𝜋

𝜈 =
𝑠 − 𝑢

2

1

Λ𝑛
 
𝜈𝑡ℎ

Λ

𝐼𝑚 𝐴 𝜈, 𝑡 𝜈𝑛𝑑𝜈 =
𝛽 𝑡 Λ𝛼 𝑡 +1

𝛼 𝑡 + 𝑛 + 1
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𝜂𝜋 production

V. Pauk (JPAC), in progress

A. Pilloni – Challenges in the analysis of meson-spectroscopy data: Theory
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𝜂𝜋 production

V. Pauk (JPAC), in progress

A. Pilloni – Challenges in the analysis of meson-spectroscopy data: Theory

K matrix: 

𝐴𝑙 𝑠 =
1

𝐾−1 − 𝑖 𝜌𝑙

𝐾 = 
𝑔𝑖
2

𝑚𝑖
2 − 𝑠
+ 𝑏𝑘𝑔

• No direct meaning of 𝑚𝑖 , 𝑔𝑖
• Can have poles in the Ist sheet

M matrix: 

𝐴𝑙 𝑠 =
𝑁(𝑠)

𝑀 − 𝑖 𝜌𝑙

𝑀 = 𝑐0 + 𝑐1𝑠 + 
𝑎𝑖
𝑏𝑖 − 𝑠

• No poles in the Ist sheet
• Numerator depending on the process

CDD poles
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Hadron Spectroscopy

A. Pilloni – Unitary Reaction models and PWA formalisms
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Hadron Spectroscopy

A. Pilloni – Unitary Reaction models and PWA formalisms
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Pole hunting

More complicated structure when 
more thresholds arise:

two sheets for each new threshold

III sheet: usual resonances
IV sheet: cusps (virtual states)

I sheet

II sheet

Bound state

Virtual state

Resonance

A. Pilloni – Unitary Reaction models and PWA formalisms


