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➤ Heyde and Wood, Rev. of Mod. Phys. 83, 1467 (2011) 

for some rare-earth nuclei and nuclei in the Pb region (Girod
and Reinhard, 1982; Girod et al., 1989). A more detailed
study was carried out for the 190;192;194Hg nuclei by Delaroche
et al. (1989). Recently, the full solution of the collective
5DCH has been studied within constrained HFB theory based
on the Gogny D1S force. Studies in the Pb mass region have
been carried out (Libert, Girod, and Delaroche, 1999), and
also studying shell closure for light nuclei at N ¼ 16
(Obertelli et al., 2005) and for the N ¼ 20 and N ¼ 28
neutron-rich nuclei (Peru, Girod, and Berger, 2000) and the
role of triaxiality in the light Kr nuclei (Girod et al., 2009).
An overview of low-lying collective properties over the
whole mass region has been given, using the same methods,
by Delaroche et al. (2010).

A different approach was proposed by Walecka who de-
veloped a relativistic mean-field formulation (RMF)
(Walecka, 1974). A detailed discussion on the Lagrangians
used is given in several review papers (Serot and Walecka,
1986; Reinhard, 1989; Serot, 1992; Ring, 1996). A study
within the relativistic Hartree-Bogoliubov (RHB) framework
was performed specifically concentrating on shape coexis-
tence in the Pt-Hg-Pb nuclei (Nikšić et al., 2002). Within the
RMF approach, beyond-relativistic-mean-field studies were
performed recently, also incorporating configuration mixing
of mean-field wave functions projected onto angular momen-
tum J and particle number ðN; ZÞ, using the GCM approach,
restricting to axially symmetric systems (encompassing vi-
brational and rotational degrees of freedom) with applications
for 32Mg and 194Hg (Nikšić, Vretenar, and Ring, 2006a) (only
J projected) and for 24Mg, 32S, and 36Ar (J and particle
number projected) (Nikšić, Vretenar, and Ring, 2006b).
Even more general studies have been performed using pro-
jected states starting from triaxial quadrupole constraints on
the mean-field level with applications to the neutron-rich Mg
nuclei (Yao et al., 2009) as well as using the resulting three-
dimensional relativistic mean-field wave functions in a GCM
configuration mixing calculation (Yao et al., 2010) with
application for 24Mg. We mention that more restricted studies
of potential energy surfaces, aiming at the study of triaxial
ground-state shapes for the Sm and Pt nuclei, making use of
the three-dimensional RHB model have been performed
(Nikšić et al., 2010) also.

Relativistic mean-field theory was also used to extensively
study the 5DCH, starting from the relativistic energy density
functional, and applied to the even-even Gd nuclei (Nikšić
et al., 2009) and recently to the study of even-even Ba and Xe
nuclei (Li et al., 2010).

C. Similarities between shell-model and mean-field approaches

We come to the point that shell-model and mean-field
approaches, if technically possible, lead to much the same
physics. It seems clear that starting from a spherical mean
field only, and getting both the advantages and disadvantages
from the ensuing spherical closed-shell configurations near
stability, one inevitably runs out of computer capabilities.
Moreover, the model wave functions do not give genuine
physics insight (billions of components). Still, this approach
is a consistent and robust approach with strong predictive
power, such that systematic deviations between experiment

and theory have to be taken seriously and cannot be hidden by
parameter changes. On the other hand, making use of self-
consistent mean-field methods, one starts from an effective
nucleon-nucleon interaction in order to derive an optimized
deformed (quadrupole deformation, pairing, etc.) basis
j !ðqÞi. Whereas the shell-model space itself is a Hilbert
space, the set of Slater determinants constitutes a geometrical
surface within the Hilbert space [see Rowe and Wood (2010)
for a more detailed exposition]. The mean-field method
produces an energy surface which is semiclassical. As a
consequence and in order to reach results to be compared
with the data in nuclei, one needs to go beyond the mean-field
approximation. Here the technicalities of projecting from the
intrinsic frame to the lab frame, with good J; N; Z; . . . are
demanding when exploring the full space of the !, " quad-
rupole variables. Moreover, one has to take into account
mixing of the various intrinsic projected states in order to
arrive at the exact eigenstates. Calculations starting from a
spherical shell-model basis, or, using mean-field methods
(applied to the Mg, S, and Zr istopes) resulted in a strong
resemblance [see Reinhard et al. (1999) for a detailed
discussion]. A particular example is 40Ca for which both
the shell-model results (see Sec. II.A.1 and Fig. 1) and
beyond-mean-field calculations (Bender, Flocard, and
Heenen, 2003) are available.

III. MANIFESTATION OF COEXISTENCE IN NUCLEI

The occurrence of energy gaps, due to spherical shells or
subshells, and the mixing of the resulting proton and neutron
configurations are the essential ingredients to a unified view
of coexistence in nuclei. Figure 8 shows the regions of shape
coexistence that are discussed in this review and their location
with respect to magic numbers.

We present the experimental data that motivate this unified
view in a particular order. We first review mass regions for
which extensive data support the widespread and unequivocal
manifestation of shape coexistence, i.e., the regions centered

FIG. 8 (color online). The main regions of nuclear shape coex-
istence discussed in Sec. III are shown in relationship to closed
shells. Regions A, F: see Sec. III.B.1; regions B, C, D, and E: see
Sec. III.B.2; region G: see Sec. III.A.8; region H: see Sec. III.A.5;
region I: see Sec. III.A.3; region J: see Sec. III.A.2; region K: see
Sec. III.A.4; and region L: see Sec. III.A.1.
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➤ 76Ge – Toh et al., PRC 87, 041304(R) (2013)
➤ 72Ge – Ayangeakaa et al., PLB 754 (2016)
➤ 76Ge – Ayangeakaa et al., PRL 123 (2019)
➤ 78Ge – Forney et al., PRL 120 (2018)

➤ 66Zn – Rocchini et al., PRC 103, 014311 (2021)
➤ 68Zn – Koizumi et al., Nucl. Phys. A730, 46 (2004)
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➤ Figure from Sugawara et al., Eur. Phys. J. A 16, 409–414 (2003)
➤ Coulex data from Sugawara et al., Eur. Phys. J. A 16, 409–414 (2003),

Kotliński et al., Nucl. Phys. A 519, 646–658 (1990),
Toh et al., Eur. Phys. J. A 9, 353–356 (2000),
Toh et al., J. Phys. G: Nucl. Part. Phys. 27, 1475 (2001) 
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is the same for the 0þ1;2 states, i.e., j !!ð70þnGe; 0þ1 Þi ¼
j !!ð70þnGe; 0þ2 Þi. The results extracted from these analyses
are illustrated in Fig. 37. A more general analysis should have
both a changing proton and neutron part in the wave function
but lack of data did not allow us to extract a more consistent
description.

The details of proton and neutron orbital occupancies that
resulted from the above-cited literature led to a series of
phenomenological analyses by Fortune and co-workers
(Carchidi et al., 1984; Fortune, Carchidi, and Mordechai,
1984; Carchidi and Fortune, 1985; Fortune and Carchidi,
1985; Carchidi and Fortune, 1986; Carchidi, Fortune, and
Burlein, 1989) and others (Johnstone and Castel, 1986) and
resulted in debate (Fortune et al., 1987; Vergnes and Rotbard,
1988) and further insights connecting to E2 properties of
nuclei (Fortune and Carchidi, 1987; Carchidi and Fortune,
1988a, 1988b). Indeed, the work of Carchidi and Fortune
(1988b), extended the insight provided by the Ge isotopes to
an analysis of the Zr and Mo isotopes (cf. Figs. 29 and 30).

Theoretical work that addressed the low excitation energy
of the first-excited 0þ state in 72Ge investigated collective
excitations and their coupling to 2qp excitations, covering
various techniques such as Didong et al. (1976), Kumar
(1978), Gangopadhyay (1999), and Guo, Maruhn, and
Reinhard (2007), and, stemming from the above-cited work
of Vergnes and co-workers, by Ahalpara and Bhatt (1982).
The early work of Iwasaki et al. (1976), Weeks et al. (1981),

FIG. 34. Systematics of "2ðE0Þ % 103 values in the N ¼ 90 iso-
tones. The large values indicate underlying coexistence of bands
with different deformations that mix strongly. The level data are
taken from Nuclear Data Sheets. The "2ðE0Þ % 103 values are taken
from Kibédi and Spear (2005) for 0þ2 ! 0þ1 , from Wood et al.

(1999) for 2þ2 ! 2þ1 , and are calculated using lifetime data (Klug
et al., 2000; Tonev et al., 2004; Möller et al., 2006) and electron
data in Nuclear Data Sheets for other transitions.
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FIG. 33. Isotope shifts #hr2i in fm2 and two-neutron separation
energies S2n in MeV for selected isotopic chains across the N ¼ 90
region. The data are from Nadjakov, Marinova, and Gangrsky
(1994) and Audi, Wapstra, and Thibault (2003).

FIG. 35. Low-lying states in 70–76Ge (upper part) and hQ2i values
in e2 b2 for the 0þ1 and 0þ2 states in these Ge isotopes (lower part).

The lower part is taken from Sugawara et al. (2003) and the data in
the upper part are from Podolyák et al. (2004) and Nuclear Data
Sheets. (Note that in the lower part, the value of hQ2i for the 0þ2 state

in 70Ge, cf. Table IV, should be 0.64 and not 0.50.)
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�1 = ↵ 1 + � 2

�2 = �� 1 + ↵ 2

In a two-state mixing scenario

the E0 transition strength can be related to the degree of mixing:

⇢2(E0) ' ↵2�2(�hr2i)2
|�1i

|�2i
E0
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➤ Nuclear Data Sheets 111, 1 (2010)
➤ Nuclear Data Sheets 107, 1923 (2006)
➤ Nuclear Data Sheets 74, 63 (1995)

➤ Nuclear Data Sheets 110, 1917 (2009)
➤ Kibédi et al., Prog. Part. Nucl. Phys. 123, 

103930 (2022) 

B(M1) and B(E2) in W.u. 
ρ2 in milliunits

⇢2(E0) ' ↵2�2(�hr2i)2
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500 MeV
Protons

Mass
SeparatorTarget

Stations
GRIFFIN b-decay 

station
Cyclotron

https://www.triumf.ca/research-program/research-facilities/isac-facilities

• E0 strength measurements in 72,74,76,78Ge,
populated through b decay.  

• Radioactive Ga beams were produced 
at the ISAC facility @ TRIUMF.

• Two experiments were performed:
i. 72Ga beam in 2017
ii. 72,74,76,78Ga beams 

in 2019
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8 LaBr3(Ce)
scintillators

Fast timing of 
g rays to measure 
state lifetimes

PACES 
(5 cooled Si(Li)s)

e-

Zero Degree
Scintillator

β

GRIFFIN 
(15 HPGe clovers)

γ

➤ A.B. Garnsworthy et al., NIM A 918, 9 (2019).
➤ A.B. Garnsworthy et al., NIM A 853, 85 (2017).
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• Experimental ICC                   
with PACES electron spectra

• E2/M1 Mixing Ratio       
with gg angular correlations

• State Lifetime      
from literature

<latexit sha1_base64="ul2cgZoE/jZWx9zVbTRrDF3aPjQ=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AIHqQkouix6EXwUsF+QFvKZjttl26SZXciLSHgX/HiQRGv/g5v/hu3bQ7a+mDg8d4MM/N8KbhG1/22ckvLK6tr+fXCxubW9o69u1fTUawYVFkkItXwqQbBQ6giRwENqYAGvoC6P7yZ+PVHUJpH4QOOJbQD2g95jzOKRurYBy0q5IB2krsWwgiTUxjJNO3YRbfkTuEsEi8jRZKh0rG/Wt2IxQGEyATVuum5EtsJVciZgLTQijVIyoa0D01DQxqAbifT81Pn2ChdpxcpUyE6U/X3REIDrceBbzoDigM9703E/7xmjL2rdsJDGSOEbLaoFwsHI2eShdPlChiKsSGUKW5uddiAKsrQJFYwIXjzLy+S2lnJuyi59+fF8nUWR54ckiNyQjxyScrkllRIlTCSkGfySt6sJ+vFerc+Zq05K5vZJ39gff4A5UmWFw==</latexit>↵K,exp
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↵K,exp =
Nce/✏ce
N�/✏�

2+1 ! 0+1
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* http://bricc.anu.edu.au, T. Kibédi et al., NIM A 589 (2008)

<latexit sha1_base64="paqlal0IkITUPuv2cet6WXBf3FM="></latexit>

Nucleus ↵K,BrIcc ↵K,exp ↵K,exp/↵K,BrIcc

72Ge 0.001 053(15) 0.001 16(6) 1.10(6)
74Ge 0.001 125(16) 0.0011(3) 1.0(2)
76Ge 0.001 475(21) 0.001 61(14) 1.09(10)
78Ge 0.001 361(20) 0.001 31(4) 0.96(4)

*
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Nucleus E�1 -E�2 Counts �exp1 �2/⌫
72Ge 630-834 2.44⇥ 106 +26(2) 1.443
74Ge 608-596 1.48⇥ 107 +2.87(3) 1.750
76Ge 546-563 2.81⇥ 107 +1.85(2) 1.502
78Ge 567-619 3.10⇥ 107 +2.46(3) 1.837
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• 22
+-21

+ transitions

• 02
+-01

+ transitions

* Kibédi et al., Prog. Part. Nucl. Phys. 123, 103930 (2022)
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Nucleus I⇡i ! I⇡f T1/2(I
⇡
i ) ⇢2exp(E0)⇥ 103 ⇢2lit(E0)⇥ 103

72Ge 2+2 ! 2+1 4.5+8
�6 ps 100(50) –

74Ge 2+2 ! 2+1 5.4(8) ps <0.22 –
76Ge 2+2 ! 2+1 8.0(15) ps <120 –
78Ge 2+2 ! 2+1 12(6) ps <6.5 –

<latexit sha1_base64="eNjf5HbNf9I4e0C5BqCOi4GnCzM="></latexit>

Nucleus I⇡i ! I⇡f T1/2(I
⇡
i ) ⇢2exp(E0)⇥ 103 ⇢2lit(E0)⇥ 103

72Ge 0+2 ! 0+1 444.2(8) ns – 8.3(4)
74Ge 0+2 ! 0+1 6 +15

�3 ps <450 <5.3
76Ge 0+2 ! 0+1 >0.8 ps – –
78Ge 0+2 ! 0+1 25(11) ps <120 –

*

*
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⟶ ρ2(E0;2-2) values point to the fact that both triaxiality and configuration 
mixing are necessary to generate finite E0 strength between I>0 states 
belonging to the same configuration.
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• b-decay experiment at TRIUMF 
aimed at investigating the structure of Ge isotopes

• Analysis techniques involved:

• Internal conversion coefficient measurement for 22+-21+ transitions

• Angular correlation analysis 
to measure mixing ratio E2/M1 of 22+-21+ transitions

• ρ2(E0) values indicate that a competition between triaxiality and 
configuration mixing can generate finite E0 strength between I>0 states 
belonging to the same configuration.

• Future perspectives: fast-timing lifetime analysis to improve literature values,
exploiting the LaBr3(Ce) collected data, and theoretical calculations.
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The Ge isotopic chain
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72Ge 74Ge

72Ga 74Ga

76Ge 78Ge

76Ga 78Ga

N

Z

stable stable stable

b b b b

T1/2 = 88m
b-

T1/2 = 14.1h
b-

T1/2 = 8.1m
b-

T1/2 = 32.6s
b-

T1/2 = 5.1s
b-
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Non-linear fit by a0, d1.

• delta measurements 
• spin assignments
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Triaxiality along the Ge Chain
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Five-dimensional collective Hamiltonian model 
based on constrained triaxial covariant

functional theory with PC-PK1

➤ Sun et al., Phys. Lett. B 734 308 (2014)

• 72Ge (Coulex)
➤ Ayangeakaa et al., PLB 754 (2016)

• 76Ge (Coulex)
➤ Ayangeakaa et al., PRL 123 (2019)

• 78Ge (multinucleon transfer)
➤ Forney et al., PRL 120 (2018)• 72Ge: g = 27.7º

• 74Ge: g = 26.7º
• 76Ge: g = 24.0º
• 78Ge: g = 22.2º



Triaxiality Evolution along the Ge Chain
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Potential energy surfaces calculated using
constrained triaxial covariant functional theory with PC-PK1 

➤ Sun et al., Phys. Lett. B 734 308 (2014)



E0 Strength Measurements in the Nuclear Landscape
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➤ Figure from L.J. Evitts et al., PRC 99 (2019) 
➤ Data from T. Kibédi et al., At. Data Nucl. Data Tables 89, 77 (2005) 

and J.L. Wood et al., Nucl. Phys. A 651, 323 (1999). 

E0 TRANSITION STRENGTH IN STABLE Ni ISOTOPES PHYSICAL REVIEW C 99, 024306 (2019)

FIG. 12. Experimental ρ2(E0) × 103 values measured in this work, combined with previous literature values in 58,60Ni [16,17]. Unfilled
transitions indicate that an upper limit has been determined. Level energies are shown in keV. The levels are grouped by their value of Jπ so
that E0 transitions where #J = 0 appear vertically.

development of such behavior. This creates a shape coex-
istence scenario with strong E0 transitions between the de-
formed 2p-2h intruder states and the spherical states. From
the pattern of E0 transition strength, it appears that the 2p-2h
state is the 0+

2 state in 62Ni but transfer data are not available
to support this assignment. In light of this shape coexistence
interpretation for the pattern of E0 strength between the
0+ states, the strong E0 transitions observed between the
lowest-lying 2+ states are even more surprising. The 2+

2 levels
lie well below the excited 0+ states and, therefore, exclude
the possibility that these excitations are built on the 2p-2h
configuration.

The microscopic model of Brown et al. [46] does not repro-
duce the new experimental results for 2+ → 2+ transitions,
although this model is successful in reproducing E0 transition
strengths in 0+ → 0+ cases. In 58Ni, the calculated ρ2(E0)
value for the 0+

2 → 0+
1 transition was much larger than the

experimental value. A significant improvement in agreement
was achieved through a remixing of the 0+

2 –0+
3 and 2+

2 –2+
3

states. The calculated ρ2(E0) for the remixed 0+ states was
about a factor of of 2 smaller than in the experiment (com-
parable to the level of agreement achieved in the other nuclei
studied in Ref. [46]). This observation highlights the sensitiv-
ity of E0 transition strengths to configuration mixing and to
small components of the wave functions for the states involved
in the transition. The B(M1) and B(E2) values, including the
ones newly obtained in the present work, as well as moments,
are also well reproduced in this shell-model framework. The
largest 2+

2 → 2+
1 E0 transition strength calculated using the

microscopic model is 6 milliunits in 58Ni, while the transi-
tions between higher-lying 2+ states are predicted to be even
weaker. Further details can be found in Ref. [18]. Certainly,
large-basis shell-model calculations would be illuminating
whether or not they succeed in describing the observed E0
strength.

The values obtained in this work are compared to other E0
transition strengths across the chart of nuclides in Fig. 13,
where the filled data points are for 0+

2 → 0+
1 and 2+

2 → 2+
1

transitions, while the open data points are other 0+
i → 0+

f and
2+

i → 2+
f transitions. It can be clearly seen that the 2+ → 2+

E0 transitions in these stable Ni isotopes have considerable
strength and are among the largest measured. Based on a shell-
model approach one can apply a “single-particle” scaling fac-
tor of A2/3 to E0 strength, which should provide values that are
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FIG. 13. The known ρ2(E0) values for (a) 0+
i → 0+

f and (b)
2+

i → 2+
f transitions as a function of atomic mass. Upper/lower

limits are shown as triangles with the error bar indicating the relevant
limit. The data are from the most recent compilations by Kibédi [4]
and Wood [2].

024306-9

58,60,62Ni
➤ Evitts et al., PLB 779 (2018) 
➤ Brown et al., PRC 95 (2017)
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• 51 angular bins q at GRIFFIN.
• GEANT4 simulations allow to extract the multipolarity mixing ratio 

values or the spins, given a set of experimental data points.
➤ Smith, MacLean et al., NIM A 922 47 (2019).
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